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1. Introduction 

In their pioneering paper BK94J, Burns and Krantz have established a boundary 
version of the classical Cartan's uniqueness theorem: 

If f is holomorphic self-map of a smoothly bounded strongly pseudoconvex domain D C 
such that f(z) = z + o{\z — p\ 3 ) as z — > p for some p G 3D, then f(z) = z. 

Furthermore, they give an example showing that the exponent 3 in the above statement 
cannot be decreased. More recent results of this kind are due to Vlacci-Tauraso (VT98 
and Bracci-Vlacci-Tauraso |BVT00j in one and to Huang |H95j and Gentili- 
Migliorini [GM97 in several complex variables. A basic global assumption in these 
results was that the given holomorphic map is a self-map of the given bounded domain. 

The goal of this paper is twofold. First, to give purely local boundary uniqueness results 
for maps defined only on one side as germs at a boundary point and hence not necessarily 
sending any domain to itself and also under the weaker assumption that f(z) = z + 
o(\z — p\ 3 ) holds only for 2 in a proper cone in D with vertex p. Such results have no 
analogues in one complex variable in contrast to the situation when a domain is preserved. 
And second, to extend the above results from boundaries of domains to submanifolds of 
higher codimension. Here the usual replacement for a one-sided neighborhood of M is a 
wedge with the edge M. The notion of strong pseudoconvexity can be also extended to 
this situation (see for more details). We prove: 

Theorem 1.1. Let M C C^, N > 2, be a generic submanifold at a point p e M and f 
be a germ at p of a holomorphic self-map of a strongly pseudoconvex wedge with edge M 
at p such that 

f( z ) = z + (\z-p\ 3 ) 

as z approaches p nontangentially . Then f(z) = z. Moreover, we can restrict the way z 
approaches p by requiring z to belong to a cone with vertex p, only depending only on the 
domain of definition of f , which is properly contained in the given wedge. 
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Note that the map / is not assumed to have any limit at points of the edge M other 
than p (though it has nontangential limits almost everywhere by a result of Forstneric 
|Fo92j ) and, in case it has a continuous boundary value, it is not assumed to send M into 
itself. The authors of this paper are not aware of any other rigidity results for maps of 
this kind. Here the known method based on the LEMPERT theory of extremal discs for 
the Kobayashi metric |L81a| IL81b|. IL82j cannot be applied. Instead, our approach makes 
use of the theory of stationary discs recently developed by Tumanov [T01J. 

We conclude by giving a consequence of Theorem II .11 in the hypersurface case which is 
a "local" and "nontangential" version of corresponding results of [BK94, H95 : 

Corollary 1.2. Let M C C^, N >2, be a strongly pseudoconvex hypersurface at a point 
p G M and f be a germ at p of a holomorphic self-map of the pseudoconvex side such that 
f(z) = z + o(\z — p\ 3 ) as z approaches p nontangentially. Then f(z) = z. 

In fact we shall obtain Theorem 11.11 and Corollary 11.21 as special cases of the more 
general Theorem 12.21 below, where the source and the target of / may be different even 
as germs at p. 

2. Preliminaries and generalizations 

Let M C C N be a smooth submanifold. Recall that M is called generic in if 
its tangent space at each point spans over complex numbers. Denote by T*C N the 
cotangent bundle of (regarded as the space of all (1, 0) forms on C ) and, for every 
p G M, by N P M := T p C N /T p M the normal and by N*M C T*C N the conormal spaces to 
M in C^, where N*M consists of all 1-forms tp G T*C N such that Reip\ TpM = 0. Recall 
that the (vector-valued) Levi form of M at p G M, L p : T p lfi M x T p lfi M N p M ® C is 
the (unique) hermitian form such that the equality 

L P (X P1 Y p ) = ^[Xj] p mod T^M © T^M 

holds for all vector fields X and Y in T l,0 M, where X p stands for the evaluation of the 
vector field X at p. The Levi cone C p = C p M C N p M is the convex hull of all vectors 
L p (v,v) for v G T p lfi M \ {0} and the dual Levi cone is C*M := {£ G N*M : £\ Cp M > 
0}. The notion of strong pseudoconvexity can be extended to submanifolds of higher 
codimension as follows. The submanifold M C C N is strongly pseudoconvex at p G M 
(see e.g. jTHHril IFo9Tl ITO] ) if C*M ^ 0, i.e. if £(L(u,v)) is positive definite for some 
conormal £. It follows that M is strongly pseudoconvex at p if and only if there exists a 
strongly pseudoconvex (real) hypersurface in that contains a neighborhood of p in M 
(see e.g. jFoTFTj h 

We now introduce the notion of a strongly pseudoconvex wedge with edge M at p 
which generalizes strongly pseudoconvex sides of hypersurfaces and which is relevant for 
the rigidity result given by Theorem 12.21 For open cones T,T' C MJ 1 , we write T -C T' if 
T \ {0} C r' and say that T is properly contained in V. More generally, a cone T C M n 
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is said to be proper in an open subset D C M. n if it is properly contained in another cone 
T' C M. n such that a neighborhood of in V is contained in D. By a wedge with edge M 
at p in the direction of an open cone T C N p M we shall understand here any domain 
W C such that for all open cones T', T" C N P M with r' < T < V" and for every 
sufficiently small neighborhood U of p in C N , one has: 



where the normal space N p M is identified with any fixed complementary subspace to T p M 
in C^. It is easy to see that the given definition is independent of the choice of such a 
complement and also of the choice of local coordinates. Conditions (j2.1J) and ()2.2|) give 
estimates on the shape of W from inside and from outside respectively and clearly depend 
only on the intersection of W with an arbitrarily small neighborhood of p in C^. 

We call T the directional cone of W at p. We say that the wedge W is strongly pseudo- 
convex at p if its directional cone T satisfies the following: 

(2.3) L p (v,v) G T for some vector v G T p °M; 

(2.4) £ is positive on T \ {0} for some covector £ e C*M. 

Here L p denotes the Levi form of M at p as above. As in the above definition of a wedge, 
also here ()2.3|) and ()2.4)1 are estimates on the shape of T from inside and from outside 
respectively. In particular, it follows from ()2.4)1 that C*M is nonempty and hence M is 
automatically strongly pseudoconvex in the above sense. An important class of examples 
can be obtained as follows. 

Example 2.1. Let pi, . . . , P( i, 1 < d < N — 1, be strictly plurisubharmonic functions in a 
neighborhood of p in C , vanishing at p and satisfying dpi A • • • A dpd ^ 0. Then 



is a strongly pseudoconvex wedge at p with edge M := {pi — . . . — p^ — 0}. In particular, 
an one-sided neighborhood of a real hypersurface is a strongly pseudoconvex wedge if and 
only if it is the strongly pseudoconvex side in the usual sense. 

Another important class is given by Siegel domains of 2nd kind (see [P69J that are 
strongly pseudoconvex wedges whose edges are their Shilov boundaries. 
The following is a generalization of Theorem 11.11 

Theorem 2.2. Let M C C^, N > 2, be a generic submanifold through a point p, U and V 
be strongly pseudoconvex wedges with edge M at p and f be a germ at p of a holomorphic 
map between U and V with f(z) = z + o(\z — p\ 3 ) as z approaches p nontangentially. Then 



(2.1) 
(2.2) 



(M n u) + (r' nu)cw-, 

(M n U) + (r" n U) contains a neighborhood of p in W, 



W := { Pl <0,...,p d <0} 



f(z) = z. 
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It will follow from the proof that one has the same statement under the weaker as- 
sumptions that U satisfies only (J2.1)) and ()2.3|) (for some cone V C N P M) and V satis- 
fies only ()2.2j) and ()2.4|) (for a possibly different cone T C N P M). Also, we can weaken 
the assumptions about the asymptotics of / by asking that f(z) = z + o(\z — p\ 2 ) and 
(£> f( z )) — (£> z) + o(\z — p\ 3 ) for at least one covector £ such that (|2.4|) holds. We shall 
write U (resp. V) for wedges with edge M in the statements below that will be used for 
the source (resp. target) wedge in Theorem | 



3. One-dimensional case 



One of the key points in the proofs of mentioned rigidity results in |BK94j and |H95j is 



the reduction to the one-dimensional situation, where D = A is the unit disc in C. The 
latter case is therefore of particular importance. We begin with a new elementary proof 
of the following result due to [BK94 ] IH9*5j : 

Proposition 3.1. Let f: A — * A be a holomorphic self-map with f(z) = z + o(\z — 1| 3 ) 
as z — > 1 in A. Then f(z) = z. 

Proof. By the classical Fatou's theorem, / has an L°° boundary value function on dA 
that we denote also by /. Since f(z) G A for all z G A, we have 

(3.1) Re u~_^f 4 ) - °' ze dA - 

We write K e (l) for the disc with center 1 and radius e > 0. Then 

Re/ e-* e :°:^% = lm / 



{0:^/^(1)} |e 4£l - 1| 4 JdA\K c (l) ( Z ~ I) 4 Z 

/" z — f(z) dz 

= lm / * ^^ _^ 0; £ ^o, 

iaK e (i)nA I 2 — J-J 2 

where the second equality holds because the function under the integral extends holo- 
morphically to A and the convergence to is a consequence of the estimate f(z) = 
z + o(\z — 1| 3 ). Hence we must have in (13.1)1 the equality almost everywhere on d A prov- 
ing f(z) = z as required. □ 

The next result, for which we give a self-contained proof, generalizes Proposition 13.11 

Proposition 3.2. Let f: A — ► A be a holomorphic self-map, Zk G A a sequence converg- 
ing nontangentially to 1 such that f(zk) = z^ + o(\zk — 1| 3 ) as k — > oo. T/ien /(2;) = 2. 



Proof. We begin by deriving a special case of the classical Julia's Theorem following [R80J. 
For a G A, consider the automorphism (fi a (z) := (a — z)/(l — az) of A interchanging a 
and 0. Then we have 

(3-2) WKa){f{z))\ < \tp a (z)\ 
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for all a, z G A as a consequence of the Schwarz lemma. We next use the identity 

(3.3) l-|^aW| 2 



(1-1 


a 


2 )(1- 




z\ 


2 ) 




1 


— az\ 


2 



that can be verified by easy computation (see |R80l Theorem 2.2.2]). Then (j3.2H3.3j) imply 



l-/(a)/(z)| 2 l-|/(*)l a |l-az' 2 



^ i-l/WI 2 ~ i-M 2 i-M 2 ' 

Setting a = Zk and taking the limit we obtain the estimate 

|1-/(^)| 2 1 1 — 

(3 ' 5) i-l/WI 2 " i^N 2 

which is the desired special case of Julia's Theorem. 

The second part of the proof closely follows the proof of Lemma 2.1 in [H95j. An easy 
computation shows that the harmonic function 

CXR\ t( \ P ( l + Z 1 + M 

(3 - 6) M '= Re \—z ~ WW 

is nonnegative in view of (|3.5jl . Furthermore, we have |(/(/Zfc) — zjfe)/(l — Wl < 1 for fc 
sufficiently large and hence, using the geometric series expansion, 

f a ^ 1 + f( z k) (l + Z k + f(z k ) -Z k )/{l-Z k ) 1 + Z k 

(3 ' 7) ww = i - (7M -*)/a- 5) = T^ + o(|2l - 1|) - 

Hence = o(|^ — 1|) as — ► oo. In view of the Hopf lemma, the latter fact is only 

possible if £(z) = and therefore /(z) = z as required. □ 

4. Stationary discs 

We review basic fact from the Tumanov's theory of stationary discs in higher codi- 
mension extending the classical LEMPERT's theory for strictly (linearly) convex domains. 
Recall that a continuous mapping $: A — > C , where A is the unit disc in C, is called 
an analytic disc attached to M if $|a is holomorphic and $(<9A) C M. In this paper 
we shall consider only smooth analytic discs. In his celebrated paper |L81aj . Lempert 
gave a characterization of those analytic discs attached to a boundary of a strictly con- 
vex domain, for which the maximum of the Kobayashi distance is attained, in terms of 
meromorphic lifts of its boundary values. The discs admitting such lifts were called sta- 
tionary. More recently, Tumanov [TO 1 J extended this notion to higher codimension. In 
his terminology, an analytic disc $ attached to M is stationary if there exists a nonzero 
holomorphic map (a lift) $* : A \ {0} -> T*C N such that C$*(C) £ O(A) n c (&) and 
$*(C) £ -^$(0^ ^ or £ e ^ n con t ras t to the full space of attached analytic discs, the 
space of stationary discs (satisfying certain inequalities) has finite dimension provided M 
is sufficiently nondegenerate (see Theorem 14. II below) . 
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In order to have an explicit description of stationary discs, it will be convenient to write 
M near a point p G M in the form 

(4.1) M = {p(x + iy, w) = 0} = {y = h(x, w)}, p{x + iy, w) = h(x, w) — y, 

where coordinates (z, w) = (x + iy, w) G C d x C n = vanishing at p are chosen 
such that h(0) = and h'(0) = 0. In order to have a description of all holomorphic 
(and meromorphic) lifts of an attached analytic disc <£>, it will be convenient, following 
T88, ITOlj . to introduce "partial holomorphic lifts" of $ to T*C N (or their collections 
forming a matrix) for which only the "^-components" are holomorphic. More precisely, 
to every analytic disc $ sufficiently small (e.g. in C°°(A)) which is attached to M (given 
in the form (|4.1Jl ). one can associate, by solving a Bishop's equation, a unique smooth 
real invertible d x d matrix function G(Q on dA such that G(l) = id and G(()p z (Q(()) 
extends holomorphically from dA to A, where p z := (p zi , ■ ■ ■ , pz d ) is the gradient with 
respect to the chosen coordinates. (More precisely, the function G(() here is normalized 
at £ = 1 rather than ( = as in |T01j and, hence, differs from it by an invertible constant 
matrix factor.) We now state Tumanov's existence and uniqueness result for stationary 
discs in the following slightly adapted for our purposes form: 

Theorem 4.1 (Tumanov). Let M C be a smooth generic submanifold through a point 
p. Then for every fixed c° G M, d such that the Levi form of M at p is nondegenerate in 
the direction of the conormal c°dp, every fixed e > and every data (A, c, v ) G C d x 
IR x C™ sufficiently close to (0, c°, 0), there exists a unique smooth stationary disc $(C) — 
(z((),w(C)) , ( G A, with $(1) = p and w'(l) = v whose lift $* is of the form 

(4.2) $*(C) = (Re(AC + c))G(C)<9p($(C)) 

and such that w(Q = a(Q + /3(C) w ^h a linear and \\P\\c°° < £ \\ v \\- 

Since Theorem 14 .11 is not explicitly stated in this form in [T01J, we provide here a proof, 
essentially following the arguments of [T0^ §4-5] . 

Proof. Let M be given near p = by (|4.1j) and let A — > be a sufficiently small 
stationary disc for M with a lift $* : A \ {0} -> T*C N . Denote by G(C) the invertible dxd 
matrix function on dA as described above such that G(l) = id and G(£)p z ($(Q) extends 
holomorphically to A. Observe that G(() is arbitrarily close to the constant identity 
provided $ is arbitrarily small. We can then write 

(4.3) $*(() = v(OG(0( Pz (<f>(()),P w mO)), Ce<9A, 

where v. dA — > M. d is a real vector function. By definition of the lift, C^**(C) extends 
holomorphically to A. Recall that the construction of G required $ to be small. We 
can also further require that the inverse S(() := (G(C)p2($(C))) _1 exists and extends 
holomorphically to A. Multiplying C^*(C) by S(Q on the right and using f)4.3|) we conclude 
that the product (V(C) m ust also extend holomorphically to A. Since v is valued in M d , 
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expanding into the Fourier series on dA, we conclude that v(Q = Re (AC + c) for suitable 
vectors A G C d , c G M d . In particular, $*(C) is always of the form (J4.2j) . 

We now explore, under what conditions, an attached analytic disc $ with a lift $* given 
by (|4.2|) is stationary, i.e. when does extend holomorphically to A. Since 

(4.4) 2(Re (AC + c) = C(AC + X + 2c) = AC 2 + A + 2cC, ( G dA, 

obviously has a holomorphic extension to A and since G(C)p 2 ($(C)) extends holomorphi- 
cally to A by the construction, then 

(4.5) C(Re(AC + c))G(C)p,($(C)), C € dA, 

also has the same extension property. Hence it remains to find $(C) such that the u w- 
component" 

(4.6) C(Re(AC + c))G(CK($(C)), C € dA, 

has the extension property. The fact that $(C) = ( z (C)i w (0) is attached to M with 
$(1) = can be expressed via the Bishop's equation 

(4.7) Rez(() = -T 1 (h(Rez((),w(())), ( G dA, 

so that w(C) with w(l) = can be seen as an independent parameter and z(() is uniquely 
determined from it by (J4.7)) and the condition z(l) = 0. 

We next assume, without loss of generality, that h(x,w) is further normalized as 

(4.8) h(x,w) = (w*A j w) j + o(\(x,w)\ 2 ), (x,w)->0, 

where Hermitian n x n matrices Ai, . . . , represent the (Revalued) Levi form of M at 
0, and that the corresponding normalization holds also for the derivatives: 

(4.9) p w (z, w) = h w (z, w) = (Ajw)j + o(\(x, w)\), (x,w)^0, 

where we think of L w as a d x n matrix (we write * for the conjugate transposed matrix). 
The next step consists of substituting ()4.9|) into ()4.6|) and writing G(C) = id + Go(C) an d 

d 

(4.10) ^(Re(A,C + c J ))^ = (id-CX)* J B(id-CX), C G dA, 

i=i 

for suitable n x n complex matrices B = B(X, c), X = X(X, c). To show the existence of 
B and X, we set P = P(A, c) := J2j ^jAj, Q = Q(A, c) := £\ CjAj and rewrite (|4.1(Jj) as 

(4.11) (P + (P* + 2Q = B - (BX - (X*B + X*BX 
leading to the system 

(4.12) P*X 2 + 2QX + P = 0, 2Q = B + X*BX. 

Recall that we consider (A, c) in a neighborhood of (0, c°) such that P(0, c°) = and 
Q(0, c°) is invertible. Then the system (|4.12|) can be solved for (X, B) near (0, B°) by the 
implicit function theorem with B° = 2(5(0, c°) being invertible. 
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w(()=w + ((\d-(X)- l a(Q, 



where a(() is an unknown function and Wo is uniquely determined by the condition w(l) = 
0. Note that, if (X,B) is sufficiently close to (0,B°), the matrix (id — (X) is invertible 
for ( 6 A. Substituting (j4.13|) (and the corresponding solution z(Q of ()4.7|) ) into (14.91) 
and using (j4.10|) and the property of G((), we conclude that the expression in ()4.6|) can 
be written as 



where the norm of a in the last term is understood in any Holder space C Q , < a < 1. The 
first term always extends holomorphically to A in view of (j4.4j) . Hence the holomorphic 
extendibility of ()4.6|) is equivalent to that of 



Furthermore, since the matrix factor in 1)4.15)1 is invertible and holomorphic in (, our 
condition is equivalent to the antiholomorphic extendibility of a(Q + o(\\a\\). By taking a 
Cauchy transform K given by the Cauchy integral formula up to a constant and using the 
fact that cr is holomorphically extendible, we obtain an equation a(Q = a + K(o(\\a\\)), 
where a G C n is a parameter that can be chosen to be er(l). The latter equation can 
be solved by the implicit function theorem in any Holder class C k,a for any sufficiently 
small a = cr(l) and any data (A, c) sufficiently close to (0,c°). It can be now seen from 
the construction and the implicit function theorem that the solution w(C) given by (J4.13)) 
defines a smooth transformation (A, c, a) h- > (\,c,w'(l)) sending (0,c°,0) into itself and 
being locally invertible there. This shows the existence and uniqueness of a small solution 
w(() with given data A, c and v = w'(l) having the required properties. The proof is 
complete. □ 

Note that, by the construction in jTOlj . for c fixed and X,v arbitrarily small, the dif- 
ference $*(C) — C is also arbitrarily small on <9A, where £ := $*(1). We shall say that a 
stationary disc $ has a small lift $* in the direction of a conormal £ £ N*M if $(1) = p, 
$*(1) = £ and both <!>(() —p, $*(C) — £ are small in the norm C°°(dA). Then the unique- 
ness part of Theorem 14.11 implies that, if £ G C*, all stationary discs with small lifts in 
the direction £ are given by Theorem 14. II with sufficiently small data X,v. 

We now show that the assumption f|2.3|) in ^21 for a wedge with edge M implies that 
the corresponding stationary discs are contained in the wedge. 

Lemma 4.2. Let U be a wedge with edge M at p whose directional cone is T and vq G 
Tp'°M be such that L p (vq,Vo) G T. Then, for any £ G C*, any neighborhood of the origin 
contains an open subset of parameters X,v for which the corresponding stationary discs $ 
with small lifts in the direction £ satisfy $(A) C U . Moreover, for any sector S C A with 



(4.14) 



C(Re (AC + c)) (AjiDo^ + (id - (X)*B*(0 + °(IMI), C G 9A 



(4.15) 



(\d-CX)*Ba(0 + o(\\a\\), C G <9A. 



vertex 1 and sufficiently small parameters X,v, the images $>(S) are contained in a fixed 
proper cone in U with vertex p. 

Proof. By Theorem 14. 1[ there exist stationary discs $(C) — ( z (C)i w (0) with arbitrarily 
small lifts in the direction £ with w'(l) G Cfo- Since also w(() = a(() + (3(() with a and 
P satisfying the conclusion of Theorem 14.11 and since $ is attached to M, the derivatives 
$'(C) wm be arbitrarily close to a multiple of v for all ( e A. Choose any conormal 
cdp(p) G iV*M with cdp(p; L p (vq, vq)) > 0, where c G R d and p is the defining function of 
M near p. Then, for $ as above, the function cp o $ is plurisubharmonic in A and is zero 
on the boundary dA. By the maximum principle, cp(<&(£)) < for all ( G A. By choosing 
finitely many conormals c\dp, . . . , c s dp such that 

L p {v ,v ) G p){cjdp(p) > 0} CC r, 

j 

we conclude that $(A) C fljjcjp < 0} C f/ for $ sufficiently small. The last conclusion 
follows from the Hopf lemma applied to suitable small perturbations of p. □ 

Lemma 4.3. Let $ be a stationary disc with sufficiently small lift in the direction £ G 
N*M. Then, for stationary discs $ arbitrarily close to $o ^ n the direction £, the union of 
their boundaries <&(<9A) contains open subsets in M arbitrarily close to p. 

Proof. By Theorem 14. 1| the discs $ are in one-to-one correspondence with the parameters 
A G C d , v G C n . We then consider the correspondence 

(A, v) i-> ($'(!)> ($*)'(!)) ^ $'(!)> C d x C" -> Tu£\N*M -> T p M. 

Since M is strongly pseudoconvex, $ has defect 0, i.e. its lift $* cannot be chosen holo- 
morphic. By |T01| Proposition 3.9], if) is injective and hence immersive on a dense subset. 
Since dims N*M — 2(n + d), ij) is also submersive on a dense subset of its domain of def- 
inition. Then 7r o ip is clearly submersive on the same subset and the required statement 
follows. □ 

Lemmas 14.21 and 14.31 imply: 

Corollary 4.4. In the setting of Lemma \4-^\ the union of images $(A) of the stationary 
discs $ in the direction £ arbitrarily close to contains smooth generic submanifolds of 
C N arbitrarily close to p. 

5. Strongly convex hypersurfaces passing through stationary discs 

Following Lempert [L81a we call an analytic disc $: A — ► C w stationary for a 
bounded domain with smooth boundary Q C if it is stationary for M = dQ and 
the lift $* can be chosen such that it does not vanish on dA. Our goal here is to con- 
struct, for each sufficiently small stationary disc a smooth strongly convex domain for 
which $ is also stationary with the same lift. 
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Proposition 5.1. Suppose that a wedge V with edge M at p and a conormal £ G C* sat- 
isfies ()2.4|) . Then there exist a biholomorphic change of coordinates in C N , a neighborhood 
B(p) of p in C N and, for every stationary disc $ with sufficiently small data X,v as in 
Theorem \4.1\ and $*(1) close to £ ; a strongly convex (with respect to the new coordinates) 
bounded domain Q C such that 

(i) v n B( P ) c n ; 

(ii) m n B( P ) c on ; 

(iii) $*(C)k (c)9 n = and $*(C) ^ for all ( G dA. 

In particular, $ stationary also for Q with the same lift $* . 

Proof. In the vector notation we have, for every stationary disc $ as above, $*(C) = 
c(()dp(Q(()) for ( G dA, where c(£) is a real vector and p is the defining function of 
M as in (|4.1j) . If the data A, t> are sufficiently small, it follows from Theorem 14.11 that 
$ : A — ► is a smooth embedding. Hence we can find a smooth extension c of c from 
$(<9A) = <9A to a neighborhood of p in M. The neighborhood can be chosen uniformly 
for all $ as above. Moreover, since $*(C) is arbitrarily close to £ and £ satisfies (|2.4|) . also 
the extension cdp can be chosen to have these properties. Then one can see that the real 
hypersurface defined by p := cp + C\\p\\ 2 for a sufficiently large constant C > nearp can 
be extended to the boundary of a domain Q as required. □ 

In the situation of Proposition 15.11 we can take advantage of Lempert's theory |L81a| 
IL81bj . in particular, of the fact that stationary discs coicide with geodesies for the 
Kobayashi metric and also that the latter are regular up to the boundary. 

6. A DIRECT PROOF OF THEOREM 12.21 IN A WEAKER FORM 

Here we give a direct proof of the statement of Theorem 12.21 where the asymptotics 
f(z) = z + o(\z — p\ 3 ) is assumed for any z in the wedge rather than in a proper cone. We 
begin by a uniqueness result for stationary discs in smooth strongly convex domains. 

Proposition 6.1. Let Q C C N be a smooth strongly convex bounded domain and $: A — > 
fl be a stationary disc for Q. Let $: A — > Q be a holomorphic map satisfying $(C) = 
$(0 + o(|C - 1| 3 ) as C -> 1 in A. Then $ = $. 

Proof. Since $ is stationary for Q, there exists a (smooth) lift $* : A \ {0} — ► T*C N such 
that $*(C) G A?"* (c) 9fi \ {0} for ( G OA and C$*(C) is holomorphic in A. By the classical 

Fatou's theorem, $ has an L°° boundary value on dA that we also denote by Since Q 
is strongly convex, we can choose $* such that 

(6-1) Re($*(C),^f^)>0 

for almost all ( G <9A, where (•, •) denotes the standard pairing. Furthermore, since Q 
is strongly convex, for almost every ( G dA, we have the equality in (|6.1|) if and only 
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if $(£) = 3>(C)- Since $ is smooth up to the boundary of A and because of the given 
estimate for $, we can repeat the arguments of the proof of Proposition 13. II to obtain 



iO 

{8:e iB <£K e (l)} N l e 

Hence we must have the equality in (jfi.lj) almost everywhere on <9A which proves $ = $ 
on A as required. □ 

We now turn to the proof of Theorem 12.21 in the weaker form mentioned above: 

Proposition 6.2. The conclusion of Theorem \'2.'2\ holds if the hypothesis on the asymp- 
totics of f at p holds without restrictions on the way of approaching p. 

Proof. By Lemma [4.21 for any ( 6 C*, there exists an open set of stationary discs $ with 
arbitrarily small lifts in the direction £ such that $(A) C U. In view of Corollary 14.41 h 
is enough to show that / o $ = $ on A for each disc $ as above. For $ fixed, let B(p) 
and VL be given by Proposition 15.11 Since f(z) — > p as z — > p and since $ can be taken 
arbitrarily small, we may assume that $(A) C V H B(p) C Q. Since $ is smooth up to 
the boundary, we have the estimate /($(£)) = $(C) + °(|C — 1| 3 ) an d hence we are in the 
situation of Proposition Ifi. II with $ := / o $ that yields $ = $ as required. □ 

7. Uniqueness for images of stationary discs 

In order to prove Theorem 12.21 as it stands we shall need results of Lempert |L81al 
IL81bl IL82j for stationary discs and geodesies and a result of Huang |H95j on boundary 
uniqueness for holomorphic self- maps of the disc A. The main consequence can be stated 
as follows. 

Proposition 7.1. Let Q and $ be as in Proposition ^. II and $: A — ► Q be a holomorphic 
map satisfying = $(£fc) + o(\zk — 1| 3 ) for some sequence z^ in A converging to 1 

nontangentially. Then $ = $. 

Proof. Since $ is stationary for dfl, there exists a holomorphic retraction 7r : Q — > A such 
that 7r o $ = id a (see |L81a| IL~81bl IL82] ) and it is smooth up to the boundary of Q. Hence 
7ro$ is a holomorphic self-map of A satisfying Tr(^(zk)) = Zk + o(\zk — 1| 3 ). Then 7ro$ = id 
by Proposition 13.21 Since both ir and $ are holomorphic, we have 

(7.1) K4nm( 1 ))MH(2)))<KUH(i)M2))<K A (( 1 ,(2), 

where denotes the Kobayashi distance in a domain D. Since 7r o $ = id, the first and 
the last distances in (|7.1|) are the same. We conclude that Kn($(d), $(£2)) = ^Ca(Ci>C2) 
holds for all Ci? C2 ^ A and hence $ is a complex geodesic of Q. Since Q is strongly convex 
and smooth, it follows from |L81al IL~81b| that $ is smooth up to the boundary of A. The 



regularity of $ and $ on A together with Taylor's formula yields the improved estimate 
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$(C) = 3>(C) + o(|C — 1| 3 ) f° r C ~~ * P without any restriction on the way of approaching p. 
The required conclusion follows from Proposition lfi.ll Alternatively, one can use at this 
last stage uniqueness results for complex geodesies. □ 



8. Proofs of Theorems II .2M2~21 

The proof of Theorem 12.21 is obtained by repeating the proof of Proposition 16.21 and 
using Proposition 17.11 instead of Proposition 16.11 Note that we enter the hypotheses of 
Proposition 17. II in view of the last conclusion of Lemma \A. 21 Theorem II. II is a special case 
of Theorem O with U — V. 
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